The self-adjointness of the reduced Hamiltonian operators arising from the LaplaceBeltrami operator of a complete Riemannian manifold through quantum Hamiltonian reduction based on a compact isometry group is studied. A simple sufficient condition is provided that guarantees the inheritance of essential self-adjointness onto a certain class of restricted operators and allows us to conclude the self-adjointness of the reduced Laplace-Beltrami operators in a concise way. As a consequence, the self-adjointness of spin Calogero-Sutherland type reductions of 'free' Hamiltonians under polar actions of compact Lie groups follows immediately.
Introduction
The goal of this work is to verify the self-adjointness of certain reduced Hamiltonians obtained from quantum Hamiltonian reduction. The importance of the reduction method (see e.g. [1, 2] ) mainly stems from the fact that under suitable symmetries the Hilbert space of a quantum system can be decomposed into invariant subspaces simplifying the diagonalization of the Hamiltonian. Another attractive perspective comes from the theory of integrable systems, since many integrable models arise as Hamiltonian reductions of canonical 'free' systems that are solvable due to their symmetries. The self-adjointness of the reduced Hamiltonians is in general necessary for the usefulness of the method.
If a compact Lie group G acts smoothly on a complete Riemannian manifold (Y, η) by isometries, then G becomes a symmetry group of the quantum system of the free particle on Y . We take the free Hamiltonian to be just the Laplace-Beltrami operator, ∆ Y , whose self-adjointness on a natural domain is guaranteed by the completeness of the underlying metric η. The system breaks up into G-invariant subspaces labeled by unitary irreducible representations (ρ, V ) of G, and the quantum Hamiltonian reduction gives rise to reduced Hamiltonians, ∆ ρ , associated with these invariant subspaces.
In a recent paper [3] , we studied quantum Hamiltonian reductions of Laplace-Beltrami operators on complete Riemannian manifolds under isometric actions of compact Lie groups that permit the introduction of generalized polar coordinates as defined in [4] . In this case we derived an explicit formula for the reduced Laplace-Beltrami operators and stated their essential selfadjointness on certain domains without detailed proof. Here, we provide the missing proof. Many examples of these reduced Hamiltonians yield integrable systems of spin Calogero-Sutherland type [5, 6, 7, 8, 9] , and the present paper is part of our program aimed at exploring these interesting integrable systems in detail.
The content of the rest of the paper is as follows. In Section 2 we enquire whether the property of essential self-adjointness descends onto restrictions of essentially self-adjoint operators, and provide a sufficient condition under which essential self-adjointness of certain restrictions can be maintained. By using this condition, in Section 3 we prove the essential self-adjointness of the reduced Laplace-Beltrami operators in the general case of smooth isometric actions of compact Lie groups. We then apply this result to the important special case when G acts on Y in a polar manner in the sense of Palais and Terng [4] . In Section 4 we briefly recall from [3] the explicit formula of the reduced Laplace-Beltrami operators in the polar case, and confirm their essential self-adjointness. Finally, we give our conclusions in Section 5.
Inheritance of essential self-adjointness upon restriction
Let A : D(A) → H be a densely defined symmetric linear operator on a Hilbert space (H, , ). That is, the domain of A, D(A), is a dense linear subspace of H, and A satisfies the relation
Let S ⊂ H be an invariant linear subspace of A, which means that S ⊂ D(A) and AS ⊂ S. These two assumptions guarantee that the restricted operator
is well defined. We can regard B as a densely defined symmetric operator on the Hilbert space M :=S, whereS denotes the closure of S in H.
Essentially self-adjoint operators admit unique self-adjoint extensions by their closures. It is easy to see that essential self-adjointness of A does not imply, in general, the essential selfadjointness of the restricted operator B = A| S . Below we present a sufficient condition under which the property of essential self-adjointness descends onto the restricted operator.
Recall that the domain of the adjoint of A is defined by the subspace
and the adjoint of A is the linear operator
where k ∈ H is the vector appearing in the definition of
, of the operator A are the sets
As is well known (see e.g. [10] ), essential self-adjointness of a densely defined symmetric linear operator A can be characterized by its deficiency subspaces L 
where
Proof. First, take an arbitrary vector f ∈ D(A), and write it according to the orthogonal decomposition
Using the condition (6) we see that
Second, let g ∈ D(B * ) be an arbitrary vector. Then for every f ∈ D(A) we obtain
Therefore g ∈ D(A * ) and A * g = B * g. 
is an essentially self-adjoint linear operator of the Hilbert space L 2 (Y, dµ Y ), where µ Y denotes the measure generated by the Riemannian volume form (see e.g. [1] and references therein). Suppose that a compact Lie group G acts on (Y, η) by isometries. More precisely, we are given a smooth left-action
of G, such that φ * g η = η for every g ∈ G. The measure µ Y inherits the G-invariance. Now take a finite dimensional continuous unitary irreducible representation (ρ, V ) of G, where V is a complex vector space with inner product ( , ) V . By simply acting componentwise, the operator ∆ 
of the Hilbert space L 2 (Y, V, dµ Y ). Because of the G-symmetry of the metric η, the set
of the V -valued, compactly supported G-equivariant smooth functions is an invariant linear sub-
is a densely defined, symmetric, essentially self-adjoint linear operator on the Hilbert space
Proof. Notice that the closure of
Then it is enough to verify the compatibility condition (6), which in our case requires proving that
where µ G denotes the (unique) bi-invariant probability Haar measure on G. It is easily seen that
It also follows from (13) that the linear map
is a densely defined, symmetric, idempotent, and bounded operator on the Hilbert space
The unique bounded extension of P ,P :
e.,P = P M . As a consequence, we obtain the relations 
where∆ ρ denotes the closure of ∆ ρ in (12) . We find it convenient to use the realization of the reduced quantum system (15) furnished by L 2 (Y, V, dµ Y ) G (see also [2] ).
Explicit description of the reduced systems under polar actions
We have seen that the reduced Hamiltonian entering the reduced quantum system (15) is provided by the essentially self-adjoint operator ∆ ρ (12). For purposes of interpretation, it would be desirable to realize the reduced state space L 2 (Y, V, dµ Y ) G as a Hilbert space of appropriate functions on the reduced configuration space Y red := Y /G, and the reduced Hamiltonian as a densely defined differential operator on this space. An apparent difficulty is that the orbit space Y /G is not a smooth manifold but a stratified space in general, which among others means that Y /G is a disjoint union of smooth manifolds of various dimensions. However, restricting to the principal orbit type 1 ,Y ⊂ Y , one obtains a smooth fiber bundle π :Y →Y /G with fiber G/K and structure group N G (K)/K, where K ⊂ G is a closed subgroup representing the conjugacy class of principal isotropy subgroups, and N G (K) stands for the normalizer of K in G. The 'big cell' of the reduced configuration space, given byY red :=Y /G, is naturally endowed with a Riemannian metric, η red , making π a Riemannian submersion. From a quantum mechanical point of view, neglecting the non-principal orbits is harmless, in some sense, sinceY is not only open and dense in Y , but it is also of full measure. Indeed, µ Y (Y \Y ) = 0 holds, since Y \Y is a union of at most countably many lower dimensional manifolds.
In many interesting applications of Hamiltonian reduction the group action is polar, which means that it admits sections in the sense of Palais and Terng [4] . Recall that a section Σ ⊂ Y is a connected, closed, regularly embedded smooth submanifold of Y that meets every G-orbit and it does so orthogonally at every intersection point of Σ with an orbit. The induced metric on Σ is denoted by η Σ , and for the measure generated by η Σ we introduce the notation µ Σ . For a section Σ, denote byΣ a connected component of the manifoldΣ :=Y ∩ Σ. The isotropy subgroups of all elements ofΣ are the same and for a fixed section we define K := G y for y ∈Σ. By restricting π :Y →Y /G ontoΣ, (Y red , η red ) becomes identified with (Σ, ηΣ), where ηΣ is the induced metric onΣ. We let ∆Σ stand for the Laplace-Beltrami operator of the Riemannian manifold (Σ, ηΣ) .
provides a trivialization of the fiber bundle π :Y →Y /G. The generalized polar coordinates oň Y consist of 'radial' coordinates onΣ and 'angular' coordinates on G/K.
Below we characterize the reduced system (15) in terms of the reduced configuration space under the simplifying assumption of dealing with polar actions. We can be brief here as the details, except for the proof of the essential self-adjointness, can be found in our recent paper [3] .
First, let us introduce the linear space
where V K is spanned by the K-invariant vectors in the representation space V . We assume that dim(V K ) > 0. The restriction of functions appearing in the definition (17) gives a linear isomorphism Fun(Σ,
This induces a scalar product on Fun(Σ, V K ) making it a pre-Hilbert space. The corresponding closure of Fun(Σ,
Next, consider the Lie algebra G := Lie(G) and its subalgebra K := Lie(K). Fix a G-invariant positive definite scalar product, B, on G, and thereby determine the orthogonal complement K ⊥ of K in G. For any ξ ∈ G denote by ξ ♯ the associated vector field on Y . Then at each point q ∈Σ the linear map K ⊥ ∋ ξ → ξ ♯ q ∈ T q Y is injective, and the inertia operator J (q) ∈ End(K ⊥ ) can be defined by the requirement
Note that J (q) is symmetric and positive definite with respect to B| K ⊥ ×K ⊥ . By choosing dual bases
We denote the representation of G corresponding to the representation (ρ, V ) of G as ρ ′ : G → u(V ), where u(V ) is the Lie algebra of anti-hermitian operators on V .
The G-orbit G.q ⊂ Y through any point q ∈Σ is an embedded submanifold of Y and by its embedding it inherits a Riemannian metric, η G.q . Thus we can define the (smooth) density function δ :Σ → (0, ∞) by δ(q) := volume of the Riemannian manifold (G.q, η G.q ),
where the volume is understood with respect to the measure, µ G·q , belonging to η G.q . If µ G/K denotes the (unique) G-invariant probability Haar measure on G/K, then we have the relations
between the various measures. Remember thatY ∼ =Σ × (G/K) by (16), and it is also worth pointing out that δ(q) = C| det b αβ (q)| 
Proof. We have the Hilbert space identifications
where the last equality follows from (21). We then consider the isometric isomorphism U :
defined by the multiplication operator U operating as U : f → δ 1 2 f . Using ∆ ρ (12) and the identifications (23), in [3] we have established the explicit formula (22) for
Hence Proposition 3.1 implies that ∆ red is essentially self-adjoint on the domain obtained by transferring the domain of ∆ ρ into L 2 (Σ, V K , dµΣ) by means of (23) and the map U. The so-obtained domain is just δ
Remark 4.1. The first term of formula (22) corresponds to the kinetic energy of a particle moving on (Y red , η red ) ∼ = (Σ, ηΣ) and the rest represents potential energy if dim(V K ) = 1 (which happens very rarely [6, 7] ). The second term of (22) is of course always potential energy (and in certain cases just a constant). If dim(V K ) > 1, then one says that the reduced system contains internal 'spin' degrees of freedom and the last term of (22) encodes spin-dependent potential energy. For comparison with the result of classical Hamiltonian reduction, see [3] and references therein.
Conclusion
In this work we focused our attention on the inheritance of the (essential) self-adjointness property in the process of quantum Hamiltonian reduction. By using the auxiliary result of Section 2, we proved in Section 3 the essential self-adjointness of the reduced Laplace-Beltrami operators (12) on complete Riemannian manifolds equipped with smooth isometric actions of compact Lie groups. Lemma 2.1 can be applied in other examples as well to prove essential self-adjointness for reduced Hamiltonians.
Assuming that the symmetry group acts in a polar manner, in Section 4 we recalled the explicit realization (22) of the reduced Laplace-Beltrami operators in terms of the reduced configuration space, and complemented the results of [3] by verifying the essential self-adjointness of these operators. It is worth noting that if the underlying Riemannian manifold is itself a Lie group, or a symmetric space, and the 'sections' can be realized as flat Abelian subgroups, then the Hamiltonian reductions of the Laplace-Beltrami operator typically yield spin Calogero-Sutherland type models (see e.g. [5, 6, 7, 8, 9] ). Many known and new (non-elliptic) spin Calogero-Sutherland type models arise in this framework and certain spinless cases also appear among the reduced systems. We shall further elaborate the structure of these models in the future.
